Abstract. We introduce a unique characterization for lattice rules which are projection regular. Any such rule, having invariants nl, n2, ... , ns, may be expressed, uniquely, in the form T where the matrix Z = (z, , z2 , ... , zs) is upper unit triangular and individual elements satisfy 0 < z'c) < {nr/nc), r < c .
Introduction
The notion of a lattice rule for numerical integration over the unit s-dimensional cube was introduced in Sloan [4] and Sloan and Kachoyan [5] , and further discussed in Sloan and Lyness [6] , where it was shown that any 5-dimensional lattice rule Qs can be expressed in the canonical form ('■') e^^^EE-E/Ef • 1 2 * 7i = '72=l Á=l \/=l ' / Here the invariants n,, «2, ... , ns are positive integers satisfying (1.2) ",+iK> / = 1,...,j-1;
zi; e Zs for i = I, ... , s; and / is a 1-periodic extension of /. (For a more precise specification of f see Sloan and Lyness [6] .) The abscissa set of the rule Qs is the set (1.3) ^(Oí) = ||¿^|:;/ = 1, -..,",, *=1,...,*}, where {v} denotes the vector whose components are the fractional parts of those of v. Clearly, {v} € [0, 1 )s, the half-open unit cube. The order of Qs is the number v(Qs) of distinct elements of the abscissa set; since the abscissa set (1.3) of a rule (1.1) in canonical form is by definition nonrepetitive, the order is u(Qs) = nln2-ns. The invariants in ( 1.1) are uniquely defined, but there is a wide choice available for the vectors z{, z2, ... , zs. The purpose of this paper is to show that for a particular class of lattice rules a representation of the form (1.1) can be prescribed in which even the vectors z{,z2,... ,zs are uniquely determined.
The rules we consider have principal projections that are well behaved in a certain sense. The ¿-dimensional principal projection of Qs is the rule Qd obtained by retaining only the first d components of each abscissa. In Lyness and Sloan [ 1 ] it is shown that, in terms of the invariants of Qs, its principal projection Qd has v(Qd) <«,«2-nd distinct abscissas. A rule Qs for which equality is achieved for every principal projection, that is for which (1.4) v{Qd) = nxn2---nd, d=l,2,...,s, is said to be projection regular. Thus a projection regular rule is one in which each principal projection has as many distinct points as possible for a rule with the given invariants. Projection regular rules are the focus of this paper. The Z-matrix of the canonical form (1.1) is the 5 x 5 matrix defined by (1.5) Z = (z,,z2, ... ,zs) .
We shall establish the following characterization of projection regular rules. This result will lead us to a standard form for projection regular rules, in which not only is the Z-matrix upper unit triangular, but also all elements of the Z-matrix are uniquely determined. In §2 we collect together transformations of the Z-matrix which leave the rule unaltered. In §3 principal projections are defined, and we establish the easier part of the above theorem, namely that if Z is upper unit triangular, then Qs is projection regular, while §4 is devoted to the more difficult converse. In §5 we use the results to establish the promised standard form for projection regular rules. The paper concludes with a brief discussion in §6.
Transformations of the Z-matrix
We now consider a more general (possibly repetitive) form of the lattice rule
where t and n.,n2,... ,nt are positive integers (not necessarily satisfying the property (1.2)), and zj e Is, i -I, ... , s. In this more general situation the Z-matrix is a t x s matrix, (2.2) Z = (z,,z2, ... ,zt)T.
Our concern in this section is to find transformations which change Z to a new matrix Z', (2 It can be shown that all the affine transformations that leave L unchanged are combinations of these three. We are interested only in those transformations which retain the form (2.4), i.e., with «( being given. We require in addition the conditions z¡ := «,c; e Zs, z\ :-n¡c¡ e Zs, i = \ ,2, ... , s.
The following theorem includes all these.
Theorem 2.1. The rule Qs given by equation (2.1) is unchanged if for given i 6 {1,2,...,*} the vector zi is replaced by any of (a) z'¡-rz¡ ifrsZ and r and nj are relatively prime; (b) z' = zi + «(k, where keZs; (c) z\ = z, + nnjzljnl, where I £ i, n eZ, and nt\nnr Proof. Parts (b) and (c) follow immediately from (2.7) and (2.8), with the second condition in (c) coming from (2.4), or, equivalently, from the requirement that zi, z' € Z5. Part (a) is more interesting. Note that it subsumes (2.6) when r --1. Since r and «; are relatively prime, it is well known that {r, 2r, ... , n¡r} = {\, 2, ... , «,} (mod«.).
It follows that {{jrZj/rij}: j = 1,2,...,«,} is merely a reordering of {{7z(/«(}: j = 1,2,..., n¡}, so that the rule (2.1) is unchanged. G
In the important special case in which Qs is given in canonical form (1.1) we have, for each pair of invariants «;, n¡, either nl\ni or n^nt (or both, if n¡ -n¡). There is therefore good reason to be interested in the following special cases of Theorem 2.1(c). Proof of Lemma 4.2. It is convenient to denote the dth column of the Z-matrix, i.e., the column currently being treated, by C, so that Çr = z\ , r= I,..., s. Then the ¿/-dimensional principal projection of (4.1 ) is given by
The hypothesis of the lemma is that the elements of the Z-matrix in (4.1) satisfy (4.4) z{rC)=ôrc forr = c,c+\,...,s, c = 1,2,... , d -I.
We plan to provide a set of transformations which transform the Z-matrix, without changing Qs, in such a way that (4.4) continues to hold, but in addition We shall specify sets of transformations ((4.11) and (4.16) below) which, while leaving the first d -1 columns of the Z-matrix unchanged, produce a value of Çd satisfying (4.5), and after this a second set ((4.18) below) which set the Cr of (4.6) to zero. However, before establishing these transformations we need the following: The quantity on the left-hand side of (4.7) is the greatest common divisor of the numbers separated by commas.
We now prove Lemma 4.3. Because Qs is projection regular, the abscissa set A(Qd) is of order nxn2---nd. We are interested in the subgroup Sd of A License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
A UNIQUE REPRESENTATION FOR PROJECTION REGULAR LATTICE RULES
In this section we establish a unique standard form for all projection regular lattice rules.
Definition. Q of (1.1) is in standard form when the elements of its Z-matrix satisfy zf = 0, l<c<r<s, z(f = 1, c=l,2, ... ,s,
2) 0<zf <nr/nc, l<r<c<s.
Thus Z is an upper unit triangular matrix and so, from Theorem 3.3, a rule Qs in standard form must be a projection regular rule.
In this section we establish Theorem 5.1. A projection regular lattice rule with invariants nx, n2, ... , ns can be expressed, uniquely, in standard form.
To establish the theorem, we use Theorem 4.1, and also prove in turn Lemmas 5.2 and 5.3 below. The latter deals with uniqueness. 
